Case Study: Modeling Smokestack Plumes

Source:  “Modeling the World in a Spreadsheet: Environmental Simulation on a Microcomputer”, Timothy J. Cartwright, Johns Hopkins University Press, 1993.  

Case study narrative by Robert R. Gotwals, Jr., Shodor Education Foundation.  

Goal:  To develop a computational model of the downwind concentrations of pollutants being emitted from a smokestack using Mathematica.

Background Science:
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Smokestacks are everywhere!  The purpose of smokestacks is to take the unwanted gases that result from industrial processes and emit them into the atmosphere.  In some cases, the gases emitted are nothing more than water vapor in the form of steam.  In the majority of the cases, however, these gases are something more dangerous to the environment.  A good example is sulfur dioxide, or SO2.  Sulfur dioxide in the form of a gas is produced in many industrial processes, especially those that burn coal as a way to produce energy. SO2 is particularly bad in that it mixes with water in the air to form H2SO4 , or sulfuric acid, better known as “acid rain”.

Any gas coming out of a smokestack is called an emission.  The goal of air pollution control is to reduce the amount of emissions coming out of the stacks and being released into the environment.  There are several ways to do this:

· Reduce the amount of coal being burned in favor of cleaner methods of producing energy (hydroelectric, wind, solar, nuclear, etc.).  These methods are often more expensive than burning coal, and create another set of problems (for example, what to do with the nuclear waste products!)

· Put filters, electrostatic filters, scrubbers, and other technologies in the stacks to remove the harmful pollutants being emitted from the stack.  These technologies are very expensive, thus increasing the cost of the energy to the industry. This additional cost is paid for by the customers using the products of that industry!

· Increase the height of the stacks.  This does not reduce the emissions, but puts the emissions higher up into the atmosphere, where the upper level winds can disperse the pollutants away from the ground.  There is, of course, a limit to how high you can build these stacks.  In addition, very tall stacks are ugly, dangerous to air traffic, and expensive to maintain.

What we are concerned about in this model is the concentration of pollution downwind from the stack.  As the pollutants are emitted from the smokestack, they mix with the air and are carried downwind, away from the stack.  How far they are carried depends on a number of factors:

· Wind speed (in units of meters)

· Height of the stack (real height and effective height, in units of meters)

· Diameter of the stack opening (in units of meters)

· Emission rate (the amount of gas coming out of the stack, in units of grams per second) 

· Gas exit velocity (the speed of the gas as it comes out of the stack, in meters per second)

· Gas exit temperature (how hot the gases are, in degrees Celsius)

· Ambient temperature (the temperature of the surrounding air, in degrees Celsius)

· The atmospheric stability condition (a 1-6 measure of the meteorology of the surrounding air, from very unstable (1) to stable (6)

Given this data, we can calculate the concentration of the pollutant (in units of micro-milligrams per cubic meter, or mmg/m3) at various locations downwind from the stack, usually measuring from 0 kilometers (the base of the stack) down to 100 km (62 miles) from the stack.  

What we wish the model to show us is the concentration of the pollution at various distances downwind from the stack, given different factors (wind speed, stack height, etc.).  

Building the Model:

Computational Tool:  

Mathematica is a programming language specifically designed to do mathematics problems using both analytic and computational methods.

Initial Data:

· Height of the stack:  30 m

· Stack diameter: 2 m

· Emission rate:  10 g/s

· Gas exit velocity:  5 m/s

· Gas exit temperature:  200 degrees Celsius

· Ambient temperature:  20 degrees Celsius

· The atmospheric stability condition;  4 (neutral)

Algorithms:

This is a complicated model, so the general solution process is broken down into three main parts. 

1. Calculation of “Effective Stack Height”

2. Determination of lateral and vertical dispersions for each atmospheric stability constant

3. Estimated concentration of ground-level pollution for specific distances downwind

Preliminary calculations:

In most air quality dispersion models, temperatures must be in units of degrees Kelvin, calculated by:



Temp in Kelvin = Temp in degrees Celsius + 273.15

We create a Mathematica function, CtoK[Ctemp], which gives a Kelvin temperature value by converting the value given for Ctemp. 

For this model, we are interested in wind speeds ranging from 1 m/sec to 19 m/sec.  The Mathematica function Table[expr,{counter,start,stop,step}] creates a list that counts from start to stop using increments of step. To generate odd numbers 1-19 we simply use the counter itself in expr.

Effective Stack Height:

The actual height of the stack is not as important as the effective stack height.  The effective stack height is a value that depends on the actual stack height, temperatures, wind speeds, etc.  
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Variables

:

u

=

 the wind velocity

v

0

=

 the gas exit velocity

t

0

=

 the gas exit temperature

t

1

=

 the ambient temperature

d

=

 the stack diameter



Lateral and vertical dispersions for each atmospheric stability constant:

[image: image6.wmf]Depending on the atmospheric condition of the surrounding area, the gas disperses in several directions.  Some of the gas will disperse vertically (flowing up or down) and some will disperse laterally (to the left or right of the centerline of the stack).  The graphic shows how this looks.  The variable “x” represents downwind dispersion; the variable ‘y’ represents lateral dispersion; and the variable “z” represents vertical dispersion.  H in this diagram is actually the effective stack height, notice that this is higher than the actual height of the stack.  In your model, H will represent the actual height of the stack, and Heff will represent the effective stack height.
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The algorithms for lateral dispersion depend on the atmospheric condition:

Similarly, vertical dispersion also depends on the atmospheric stability conditions, but different formulas exist for each of the six conditions:
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In Mathematica, we use a Switch[expr,form1,value1,form2,value2,…] function that will select one of the six values corresponding to which form (in this case numbers 1-6) corresponds with the expr (in this case the Atmospheric Stability Condition). 

Estimated Concentrations:

The estimated concentrations represent the calculation of interest.  If you recall, we are trying to determine the concentration of the pollutant downwind from the stack, at various wind speeds and with varying parameters (stack height, diameter, temperatures, etc.).  The algorithm for estimated concentrations is:

[image: image9.png]



Displaying Output:

There are a variety of plots that one can do to visualize the output of this model.  The simplest is an X-Y plot of distance downwind (x-axis) versus concentration (y-axis).  The graph below uses MultipleListPlot, from the Graphics package in Mathematica, to combine the concentration vs downwind distance plots for each of the 10 different wind velocities. 

[image: image1.wmf]
Using Plot3D, one might also consider creating a 3D plot, such as the one shown below.  This plot shows concentration as a function of wind velocity and distance downwind (note the downwind distances are in meters x 10).


Mathematica also provides a couple of other graphing options, including a ContourPlot and a DensityPlot
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