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I.	  	  Abstract	  
	  
This	  module	  teaches:	  	  1)	  Conway’s	  Game	  of	  Life	  as	  an	  example	  of	  a	  cellular	  

automaton,	  2)	  how	  cellular	  automata	  are	  used	  in	  solutions	  to	  scientific	  problems,	  3)	  how	  to	  
implement	  parallel	  code	  for	  Conway’s	  Game	  of	  Life	  (including	  versions	  that	  use	  shared	  
memory	  via	  OpenMP,	  distributed	  memory	  via	  the	  Message	  Passing	  Interface	  (MPI),	  and	  
hybrid	  via	  a	  combination	  of	  OpenMP	  and	  MPI),	  4)	  how	  to	  measure	  the	  performance	  and	  
scaling	  of	  a	  parallel	  application	  in	  multicore	  and	  manycore	  environments,	  and	  5)	  how	  
cellular	  automata	  fall	  into	  the	  Structured	  Grid	  "dwarf" �	  (a	  class	  of	  algorithms	  that	  have	  
similar	  communication	  and	  computation	  patterns).	  

Upon	  completion	  of	  this	  module,	  students	  should	  be	  able	  to:	  	  1)	  Understand	  the	  
importance	  of	  cellular	  automata	  in	  modeling	  scientific	  problems, � 2) Design	  a	  parallel	  
algorithm	  and	  implement	  it	  using	  OpenMP	  and/or	  MPI,	  3)	  Measure	  the	  scalability	  of	  a	  
parallel	  code	  over	  multiple	  or	  many	  cores,	  and	  4)	  Explain	  the	  communication	  and	  
computation	  patterns	  of	  the	  Structured	  Grid	  dwarf.	  

It	  is	  assumed	  that	  students	  will	  have	  prerequisite	  experience	  with	  C	  or	  Fortran	  90,	  
*nix	  systems,	  and	  modular	  arithmetic.	  

	  
II.	  	  Pre-assessment	  Rubric	  
	  
This	  rubric	  is	  to	  gauge	  students’	  initial	  knowledge	  and	  experience	  with	  the	  materials	  

presented	  in	  this	  module.	  	  Students	  are	  asked	  to	  rate	  their	  knowledge	  and	  experience	  on	  
the	  following	  scale	  and	  in	  the	  following	  subject	  areas:	  

	  
Scale	  
1	  –	  no	  knowledge,	  no	  experience	  
2	  –	  very	  little	  knowledge,	  very	  little	  experience	  
3	  –	  some	  knowledge,	  some	  experience	  
4	  –	  a	  good	  amount	  of	  knowledge,	  a	  good	  amount	  of	  experience	  
5	  –	  high	  level	  of	  knowledge,	  high	  level	  of	  experience	  
	  
Subject	  areas	  
Cellular	  Automata	  
Parallel	  Algorithm	  Design	  
Parallel	  Hardware	  
MPI	  Programming	  
OpenMP	  Programming	  
Using	  a	  Cluster	  
Scaling	  Parallel	  Code	  
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III.	  	  Conway’s	  Game	  of	  Life	  and	  cellular	  automata:	  	  Motivation	  and	  Introduction	  
	   	  
The	  cellular	  automaton	  is	  an	  important	  tool	  in	  science	  that	  can	  be	  used	  to	  model	  a	  

variety	  of	  natural	  phenomena.	  	  	  Cellular	  automata	  can	  be	  used	  to	  simulate	  brain	  tumor	  
growth	  by	  generating	  a	  3-‐dimensional	  map	  of	  the	  brain	  and	  advancing	  cellular	  growth	  over	  
time	  [1].	  	  In	  ecology,	  cellular	  automata	  can	  be	  used	  to	  model	  the	  interactions	  of	  species	  
competing	  for	  environmental	  resources	  [2].	  	  These	  are	  just	  two	  examples	  of	  the	  many	  
applications	  of	  cellular	  automata	  in	  many	  fields	  of	  science,	  including	  biology	  [3][4],	  ecology	  
[5],	  cognitive	  science	  [6],	  hydrodynamics	  [7],	  dermatology	  [8],	  chemistry	  [9][10],	  
environmental	  science	  [11],	  agriculture	  [12],	  operational	  research	  [13],	  and	  many	  others.	  

Cellular	  automata	  are	  so	  named	  because	  they	  perform	  functions	  automatically	  on	  a	  
grid	  of	  individual	  units	  called	  cells.	  	  One	  of	  the	  most	  significant	  and	  important	  examples	  of	  
the	  cellular	  automaton	  is	  John	  Conway’s	  Game	  of	  Life,	  which	  first	  appeared	  in	  [15].	  	  Conway	  
wanted	  to	  design	  his	  automaton	  such	  that	  emergent	  behavior	  would	  occur,	  in	  which	  
patterns	  that	  are	  created	  initially	  grow	  and	  evolve	  into	  other,	  usually	  unexpected,	  patterns.	  	  
He	  also	  wanted	  to	  ensure	  that	  individual	  patterns	  within	  the	  automaton	  could	  dissipate,	  
stabilize,	  or	  oscillate.	  	  Conway’s	  automaton	  is	  capable	  of	  producing	  patterns	  that	  can	  move	  
across	  the	  grid	  (gliders	  or	  spaceships),	  oscillate	  in	  place	  (flip-‐flops),	  stand	  motionless	  on	  
the	  grid	  (still	  lifes),	  and	  generate	  other	  patterns	  (guns).	  

Conway	  established	  four	  simple	  rules	  that	  describe	  the	  behavior	  of	  cells	  in	  the	  grid.	  	  
At	  each	  time	  step,	  every	  cell	  in	  the	  grid	  has	  one	  of	  two	  particular	  states:	  ALIVE	  or	  DEAD.	  	  
The	  rules	  of	  the	  automaton	  govern	  what	  the	  state	  of	  a	  cell	  will	  be	  in	  the	  next	  time	  step.	  

Like	  all	  cellular	  automata,	  the	  rules	  in	  Conway’s	  Game	  of	  Life	  pertain	  to	  cells	  and	  
their	  “neighbors”,	  or	  the	  cells	  to	  which	  a	  cell	  is	  somehow	  related	  (usually	  spatially).	  	  The	  
collection	  of	  a	  cell’s	  neighbors	  is	  known	  as	  the	  cell’s	  “neighborhood”.	  	  Two	  examples	  of	  
neighborhoods	  are	  shown	  in	  Figure	  1.	  	  The	  code	  in	  this	  module	  uses	  the	  latter	  of	  these	  two,	  
the	  “Moore	  neighborhood”,	  in	  which	  the	  8	  cells	  immediately	  adjacent	  to	  a	  cell	  constitute	  the	  
cell’s	  neighbors.	  
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Figure	  1:	  	  Two	  types	  of	  neighborhoods	  of	  a	  black	  cell,	  consisting	  of	  red	  neighbor	  cells:	  	  
von	  Neumann	  neighborhood	  (left)	  and	  Moore	  neighborhood	  (right).	  

	  
An	  issue	  arises	  for	  the	  cells	  on	  the	  edges	  of	  the	  grid,	  since	  they	  will	  not	  have	  a	  full	  

neighborhood.	  	  Cells	  on	  the	  sides	  only	  have	  5	  neighbors,	  and	  those	  in	  the	  corners	  only	  have	  
3	  neighbors.	  	  There	  are	  numerous	  ways	  to	  solve	  this	  problem.	  	  In	  this	  module,	  we	  resolve	  
the	  issue	  by	  modeling	  the	  grid	  not	  as	  a	  rectangle,	  but	  as	  a	  torus	  that	  wraps	  around	  on	  the	  
top,	  bottom,	  and	  sides.	  	  In	  this	  arrangement,	  the	  cells	  in	  the	  top	  row	  have	  the	  cells	  in	  the	  
bottom	  row	  as	  their	  neighbors	  to	  the	  north,	  the	  cells	  in	  the	  bottom	  row	  have	  those	  in	  the	  
top	  row	  as	  their	  neighbors	  to	  the	  south,	  the	  cells	  in	  the	  left	  column	  have	  the	  cells	  in	  the	  
right	  column	  as	  their	  neighbors	  to	  the	  west,	  and	  the	  cells	  in	  the	  right	  column	  have	  the	  cells	  
in	  the	  left	  column	  as	  their	  neighbors	  to	  the	  east.	  	  A	  toroidal	  grid	  can	  be	  simplified	  by	  
including	  “ghost”	  rows	  and	  columns,	  which	  are	  copies	  of	  the	  rows	  and	  columns	  on	  the	  
opposite	  sides	  of	  the	  grid	  from	  the	  edge	  rows	  and	  columns.	  	  A	  ghost	  corner	  is	  determined	  
by	  copying	  the	  corner	  cell	  that	  is	  opposite	  the	  ghost	  corner	  on	  the	  diagonal.	  	  The	  method	  of	  
using	  ghost	  rows	  and	  columns	  is	  depicted	  in	  Figure	  2.	  
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Figure	  2:	  	  A	  toroidal	  grid	  simplified	  with	  ghost	  rows	  and	  columns	  
	  

	  
The	  rules	  of	  Conway’s	  Game	  of	  Life	  are	  as	  follows:	  

• If	  a	  cell	  has	  fewer	  than	  2	  ALIVE	  neighbors,	  it	  will	  be	  DEAD	  in	  the	  next	  time	  
step.	  

• If	  an	  ALIVE	  cell	  has	  2	  or	  3	  ALIVE	  neighbors,	  it	  will	  be	  ALIVE	  in	  the	  next	  time	  
step.	  

• If	  a	  cell	  has	  more	  than	  3	  ALIVE	  neighbors,	  it	  will	  be	  DEAD	  in	  the	  next	  time	  
step.	  

• If	  a	  DEAD	  cell	  has	  3	  ALIVE	  neighbors,	  it	  will	  be	  ALIVE	  in	  the	  next	  time	  step.	  
The	  automaton	  begins	  by	  initializing	  the	  states	  of	  the	  cells	  randomly	  and	  ends	  after	  

a	  certain	  number	  of	  time	  steps	  have	  elapsed.	  
For	  a	  small	  board,	  a	  cellular	  automaton	  can	  be	  simulated	  with	  pencil	  and	  paper.	  	  For	  

even	  a	  reasonably	  small	  board,	  however,	  working	  by	  hand	  becomes	  cumbersome	  and	  the	  
use	  of	  a	  computer	  is	  needed	  to	  run	  the	  simulation	  in	  an	  acceptable	  amount	  of	  time.	  	  A	  coded	  
implementation	  of	  Conway’s	  Game	  of	  Life	  running	  on	  a	  single	  computer	  can	  simulate	  a	  
fairly	  large	  grid	  in	  a	  very	  small	  amount	  of	  time.	  

To	  simulate	  an	  even	  bigger	  grid,	  one	  needs	  to	  employ	  more	  processing	  power	  than	  
is	  available	  on	  a	  single	  processor.	  	  The	  concept	  of	  parallel	  processing	  can	  be	  used	  to	  
leverage	  the	  computational	  power	  of	  computing	  architectures	  with	  multiple	  or	  many	  
processors	  working	  together.	  

Conway’s	  Game	  of	  Life	  is	  an	  interesting	  problem	  to	  parallelize	  because	  of	  the	  
boundary	  conditions	  involving	  ghost	  rows	  and	  columns	  and	  because	  neighbor	  cells	  are	  
tightly-‐coupled;	  that	  is,	  neighbors	  relate	  to	  each	  other	  directly	  and	  require	  calculations	  to	  
be	  performed	  on	  groups	  of	  them.	  	  This	  leads	  to	  interesting	  parallel	  communication	  patterns	  
and	  requires	  a	  modest	  amount	  of	  computation	  as	  well.	  

	  
	  

Quick	  Review	  Questions:	  
1. What	  determines	  the	  state	  of	  a	  cell	  in	  a	  given	  time	  step?	  
2. What	  is	  the	  purpose	  of	  having	  “ghost”	  rows	  and	  columns?	  
	  
	  
IV.	  	  Introduction	  to	  Parallelism	  
	  
In	  parallel	  processing,	  instead	  of	  a	  single	  program	  executing	  tasks	  in	  a	  sequence,	  the	  

program	  is	  split	  among	  multiple	  “execution	  flows”	  executing	  tasks	  in	  parallel,	  i.e.	  at	  the	  
same	  time.	  	  The	  term	  “execution	  flow”	  refers	  to	  a	  discrete	  computational	  entity	  that	  
performs	  processes	  autonomously1.	  
	   Execution	  flows	  have	  more	  specific	  names	  depending	  on	  the	  flavor	  of	  parallelism	  
being	  utilized.	  	  In	  “distributed	  memory”	  parallelism,	  in	  which	  execution	  flows	  keep	  their	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
1	  A	  common	  synonym	  is	  “execution	  context”;	  “flow”	  is	  chosen	  here	  because	  it	  evokes	  the	  
stream	  of	  instructions	  that	  each	  entity	  processes.	  
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own	  private	  memories	  (separate	  from	  the	  memories	  of	  other	  execution	  flows),	  execution	  
flows	  are	  known	  as	  “processes”.	  	  In	  order	  for	  one	  process	  to	  access	  the	  memory	  of	  another	  
process,	  the	  data	  must	  be	  communicated,	  commonly	  by	  a	  technique	  known	  as	  “message	  
passing”.	  	  The	  standard	  of	  message	  passing	  considered	  in	  this	  module	  is	  defined	  by	  the	  
“Message	  Passing	  Interface	  (MPI)”,	  which	  defines	  a	  set	  of	  primitives	  for	  packaging	  up	  data	  
and	  sending	  them	  between	  processes.	  

In	  another	  flavor	  of	  parallelism	  known	  as	  “shared	  memory”,	  in	  which	  execution	  
flows	  share	  a	  memory	  space	  among	  them,	  the	  execution	  flows	  are	  known	  as	  “threads”.	  	  
Threads	  are	  able	  to	  read	  and	  write	  to	  and	  from	  memory	  without	  having	  to	  send	  messages.2	  	  
The	  standard	  for	  shared	  memory	  considered	  in	  this	  module	  is	  OpenMP,	  which	  uses	  a	  series	  
of	  constructs	  for	  specifying	  parallel	  regions	  of	  code	  to	  be	  executed	  by	  threads.3	  

A	  third	  flavor	  of	  parallelism	  is	  known	  as	  “hybrid”,	  in	  which	  both	  distributed	  and	  
shared	  memory	  are	  utilized.	  	  In	  hybrid	  parallelism,	  the	  problem	  is	  broken	  into	  tasks	  that	  
each	  process	  executes	  in	  parallel;	  the	  tasks	  are	  then	  broken	  further	  into	  subtasks	  that	  each	  
of	  the	  threads	  execute	  in	  parallel.	  	  After	  the	  threads	  have	  executed	  their	  sub-‐tasks,	  the	  
processes	  use	  the	  shared	  memory	  to	  gather	  the	  results	  from	  the	  threads,	  use	  message	  
passing	  to	  gather	  the	  results	  from	  other	  processes,	  and	  then	  move	  on	  to	  the	  next	  tasks.	  

In	  terms	  of	  what	  is	  actually	  being	  parallelized,	  there	  are	  two	  main	  types	  of	  
parallelism	  that	  can	  occur.	  	  In	  the	  first,	  “data	  parallelism”,	  data	  is	  split	  up	  into	  chunks	  and	  
assigned	  to	  the	  execution	  flows,	  and	  each	  execution	  flow	  performs	  the	  same	  task	  on	  its	  
chunk	  of	  data	  as	  the	  other	  execution	  flows	  on	  their	  chunks	  of	  data.	  	  In	  the	  second,	  “task	  
parallelism”,	  all	  execution	  flows	  operate	  on	  the	  same	  set	  of	  data	  but	  perform	  different	  tasks	  
on	  it.	  	  Many	  parallel	  applications	  will	  leverage	  both	  data	  and	  task	  parallelism.	  

	  
Quick	  Review	  Questions:	  

3. What	  is	  the	  name	  for	  execution	  flows	  that	  share	  memory?	  	  For	  those	  with	  
distributed	  memory?	  

4. What	  is	  “message	  passing”	  and	  when	  is	  it	  needed?	  
5. What	  is	  the	  difference	  between	  data	  parallelism	  and	  task	  parallelism?	  
	  
	  
V.	  	  Parallel	  hardware	  
	  
In	  order	  to	  use	  parallelism,	  the	  underlying	  hardware	  needs	  to	  support	  it.	  	  The	  classic	  

model	  of	  the	  computer,	  first	  established	  by	  John	  von	  Neumann	  in	  the	  20th	  century,	  has	  a	  
single	  CPU	  connected	  to	  memory.	  	  Such	  an	  architecture	  does	  not	  support	  parallelism	  
because	  there	  is	  only	  one	  CPU	  to	  run	  a	  stream	  of	  instructions.	  	  In	  order	  for	  parallelism	  to	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
2	  It	  should	  be	  noted	  that	  shared	  memory	  is	  really	  just	  a	  form	  of	  fast	  message	  passing.	  	  	  
Threads	  must	  communicate,	  just	  as	  processes	  must,	  but	  threads	  get	  to	  communicate	  at	  bus	  
speeds	  (using	  the	  front-‐side	  bus	  that	  connects	  the	  CPU	  to	  memory),	  whereas	  processes	  
must	  communicate	  at	  network	  speeds	  (ethernet,	  infiniband,	  etc.),	  which	  are	  much	  slower.	  
3	  Threads	  can	  also	  have	  their	  own	  private	  memories,	  and	  OpenMP	  has	  constructs	  to	  define	  
whether	  variables	  are	  public	  or	  private	  to	  threads.	  
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occur,	  there	  must	  be	  multiple	  processing	  units	  running	  multiple	  streams	  of	  instructions.	  	  
There	  are	  a	  few	  ways	  to	  achieve	  this.	  	  One	  way	  is	  to	  split	  the	  CPU	  into	  multiple	  processing	  
units	  called	  “cores”.	  	  Each	  core	  is	  capable	  of	  executing	  instructions	  concurrently	  with	  the	  
other	  cores,	  which	  means	  they	  can	  work	  in	  parallel.	  	  Cores	  on	  a	  chip	  will	  typically	  share	  
RAM	  among	  them.	  	  Another	  way	  to	  achieve	  parallelism	  is	  to	  link	  multiple	  computers	  
together	  over	  a	  network.	  	  In	  this	  case	  the	  computers	  can	  also	  work	  in	  parallel,	  but	  they	  do	  
not	  share	  RAM.	  	  These	  computers	  may	  themselves	  have	  multi-‐core	  CPUs,	  which	  allows	  for	  
hybrid	  parallelism:	  	  shared	  memory	  between	  the	  cores	  and	  distributed	  memory	  among	  the	  
compute	  nodes.	  	  A	  diagram	  of	  these	  different	  parallel	  hardware	  models	  is	  shown	  in	  Figures	  
3-‐5.	  

	  
	  

	  
	  

Figure	  3:	  	  Shared	  memory,	  multiple	  cores	  on	  one	  chip.	  
	  
	  

	  
	  

Figure	  4:	  	  Distributed	  memory,	  multiple	  CPUs	  connected	  via	  network.	  
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Figure	  5:	  	  Hybrid,	  multiple	  multi-core	  CPUs	  connected	  via	  network.	  

	  
	  

Quick	  Review	  Questions:	  
6. Why	  is	  parallelism	  impossible	  on	  a	  von	  Neumann	  computer?	  
7. What	  is	  a	  “core”?	  

	  
	  
VI.	  	  Motivation	  for	  Parallelism	  
	  
There	  are	  compelling	  advantages	  for	  using	  parallelism.	  	  The	  three	  motivations	  

considered	  in	  this	  module	  are	  speedup,	  accuracy,	  and	  scaling.	  
“Speedup”	  is	  the	  idea	  that	  a	  program	  will	  run	  faster	  if	  it	  is	  parallelized	  as	  opposed	  to	  

executed	  serially.	  	  The	  advantage	  of	  speedup	  is	  that	  it	  allows	  a	  problem	  to	  be	  modeled4	  
faster.	  	  If	  multiple	  execution	  flows	  are	  able	  to	  work	  at	  the	  same	  time,	  the	  work	  will	  be	  
finished	  in	  less	  time	  than	  it	  would	  take	  a	  single	  execution	  flow.	  	  Speedup	  is	  an	  enticing	  
advantage.	  

“Accuracy”	  is	  the	  idea	  of	  forming	  a	  better	  solution	  to	  a	  problem.	  	  If	  more	  processes	  
are	  assigned	  to	  a	  task,	  they	  can	  spend	  more	  time	  doing	  error	  checks	  or	  other	  forms	  of	  
diagnostics	  to	  ensure	  that	  the	  final	  result	  is	  a	  better	  approximation	  of	  the	  problem	  that	  is	  
being	  modeled.	  	  In	  order	  to	  make	  a	  program	  more	  accurate,	  speedup	  may	  need	  to	  be	  
sacrificed.	  

“Scaling”	  is	  perhaps	  the	  most	  promising	  of	  the	  three	  motivations.	  	  Scaling	  is	  the	  
concept	  that	  more	  parallel	  processors	  can	  be	  used	  to	  model	  a	  bigger	  problem	  in	  the	  same	  
amount	  of	  time	  it	  would	  take	  fewer	  parallel	  processors	  to	  model	  a	  smaller	  problem.	  	  A	  
common	  analogy	  to	  this	  is	  that	  one	  person	  in	  one	  boat	  in	  one	  hour	  can	  catch	  a	  lot	  fewer	  fish	  
than	  ten	  people	  in	  ten	  boats	  in	  one	  hour.	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
4	  It	  should	  be	  emphasized	  that	  this	  module	  refers	  to	  “modeling”	  a	  problem,	  not	  “solving”	  a	  
problem.	  	  	  This	  follows	  the	  computational	  science	  credo	  that	  algorithms	  running	  on	  
computers	  are	  just	  one	  tool	  used	  to	  develop	  approximate	  solutions	  (models)	  to	  a	  problem.	  	  
Finding	  an	  actual	  solution	  may	  involve	  the	  use	  of	  many	  other	  models	  and	  tools.	  
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There	  are	  issues	  that	  limit	  the	  advantages	  of	  parallelism;	  we	  will	  address	  two	  in	  
particular.	  	  The	  first,	  communication	  overhead,	  refers	  to	  the	  time	  that	  is	  lost	  waiting	  for	  
communications	  to	  take	  place	  before	  and	  after	  calculations.	  	  During	  this	  time,	  valuable	  data	  
is	  being	  communicated,	  but	  no	  progress	  is	  being	  made	  on	  executing	  the	  algorithm.	  	  The	  
communication	  overhead	  of	  a	  program	  can	  quickly	  overwhelm	  the	  total	  time	  spent	  
modeling	  the	  problem,	  sometimes	  even	  to	  the	  point	  of	  making	  the	  program	  less	  efficient	  
than	  its	  serial	  counterpart.	  	  Communication	  overhead	  can	  thus	  mitigate	  the	  advantages	  of	  
parallelism.	  

A	  second	  issue	  is	  described	  in	  an	  observation	  put	  forth	  by	  Gene	  Amdahl	  and	  is	  
commonly	  referred	  to	  as	  “Amdahl’s	  Law”.	  	  Amdahl’s	  Law	  says	  that	  the	  speedup	  of	  a	  parallel	  
program	  will	  be	  limited	  by	  its	  serial	  regions,	  or	  the	  parts	  of	  the	  algorithm	  that	  cannot	  be	  
executed	  in	  parallel.	  	  Amdahl’s	  Law	  posits	  that	  as	  the	  number	  of	  processors	  devoted	  to	  the	  
problem	  increases,	  the	  advantages	  of	  parallelism	  diminish	  as	  the	  serial	  regions	  become	  the	  
only	  part	  of	  the	  code	  that	  takes	  significant	  time	  to	  execute.	  	  Amdahl’s	  Law	  is	  represented	  as	  
an	  equation	  in	  Figure	  6.	  

	  
	  

Speedup	  =	  

€ 

1

1− P +
P
N

	  

where	  	  
P	  =	  the	  proportion	  of	  the	  program	  that	  can	  be	  made	  parallel	  

1	  –	  P	  =	  the	  proportion	  of	  the	  program	  that	  cannot	  be	  made	  parallel	  
N	  =	  the	  number	  of	  processors	  

	  

Figure	  7:	  	  Amdahl’s	  Law	  

	  
Amdahl’s	  Law	  provides	  a	  strong	  and	  fundamental	  argument	  against	  utilizing	  

parallel	  processing	  to	  achieve	  speedup.	  	  However,	  it	  does	  not	  provide	  a	  strong	  argument	  
against	  using	  it	  to	  achieve	  accuracy	  or	  scaling.	  	  The	  latter	  of	  these	  is	  particularly	  promising,	  
as	  it	  allows	  for	  bigger	  classes	  of	  problems	  to	  be	  modeled	  as	  more	  processors	  become	  
available	  to	  the	  program.	  	  The	  advantages	  of	  parallelism	  for	  scaling	  are	  summarized	  by	  
John	  Gustafson	  in	  Gustafson’s	  Law,	  which	  says	  that	  bigger	  problems	  can	  be	  modeled	  in	  the	  
same	  amount	  of	  time	  as	  smaller	  problems	  if	  the	  processor	  count	  is	  increased.	  	  Gustafson’s	  
Law	  is	  represented	  as	  an	  equation	  in	  Figure	  8.	  

	  
	  

	  
Speedup(N)	  =	  N	  –	  (1	  –	  P)	  *	  (N	  –	  1)	  

where	  	  
N	  =	  the	  number	  of	  processors	  

(1	  –	  P)	  =	  the	  proportion	  of	  the	  program	  that	  cannot	  be	  made	  parallel	  
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Figure	  8:	  	  Gustafson’s	  Law	  

	  
Amdahl’s	  Law	  reveals	  the	  limitations	  of	  what	  is	  known	  as	  “strong	  scaling”,	  in	  which	  

the	  number	  of	  processes	  remains	  constant	  as	  the	  problem	  size	  increases.	  	  Gustafson’s	  Law	  
reveals	  the	  promise	  of	  “weak	  scaling”,	  in	  which	  the	  number	  of	  processes	  increases	  along	  
with	  the	  problem	  size.	  	  We	  will	  further	  explore	  the	  limitations	  posed	  by	  Amdahl’s	  Law	  and	  
the	  possibilities	  provided	  by	  Gustafson’s	  Law	  in	  part	  IX	  of	  this	  document.	  
	  
Quick	  Review	  Questions:	  

8. What	  is	  the	  difference	  between	  using	  parallelism	  for	  speedup	  versus	  using	  it	  for	  
scaling?	  

9. What	  is	  Amdahl’s	  Law?	  	  What	  is	  Gustafson’s	  Law?	  
10. What	  is	  the	  difference	  between	  “strong	  scaling”	  and	  “weak	  scaling”?	  

	  
	  

VII.	  	  The	  parallel	  algorithm	  
	  
Our	  parallel	  Game	  of	  Life	  algorithm	  is	  designed	  with	  four	  scales	  in	  mind:	  	  serial,	  

shared	  memory,	  distributed	  memory,	  and	  hybrid.	  	  All	  four	  come	  from	  the	  same	  piece	  of	  
source	  code;	  this	  is	  accomplished	  by	  surrounding	  the	  parts	  of	  the	  code	  that	  require	  shared	  
and	  distributed	  memory	  by	  #ifdef	  guards	  that	  the	  pre-‐processor	  uses	  to	  determines	  
which	  sections	  of	  the	  code	  need	  to	  be	  compiled.	  	  There	  are	  also	  sections	  of	  the	  algorithm	  
that	  are	  executed	  a	  certain	  way	  if	  distributed	  memory	  is	  enabled	  and	  a	  different	  way	  if	  
distributed	  memory	  is	  disabled.	  	  

Students	  can	  develop	  the	  algorithm	  themselves	  while	  reading	  this	  module	  by	  
completing	  Exercise	  1,	  an	  attachment	  to	  this	  module.	  

A	  good	  first	  step	  of	  development	  is	  to	  identify	  the	  goal	  of	  the	  algorithm	  and	  to	  
clearly	  state	  what	  it	  is	  trying	  to	  accomplish.	  	  We	  define	  the	  Game	  of	  Life	  algorithm	  as	  
follows,	  “A	  grid	  of	  cells	  is	  updated	  at	  each	  time	  step	  for	  some	  number	  of	  time	  steps	  based	  
on	  the	  rules	  of	  Conway’s	  Game	  of	  Life.”	  

In	  this	  description,	  we	  can	  see	  some	  of	  the	  data	  structures	  that	  we	  will	  need	  by	  
finding	  the	  nouns	  (and	  the	  adjectives	  and	  prepositional	  phrases	  associated	  with	  them)	  in	  
our	  description.	  	  An	  example	  of	  a	  list	  of	  data	  structures	  is	  shown	  in	  Table	  1.	  

	  
Data	  structures	  

Noun	   Data	  structure	  
a	  grid	  of	  cells	   A	  2-‐dimensional	  array	  of	  cells	  
cell	   An	  integer	  representing	  a	  state	  

(ALIVE	  or	  DEAD)	  
each	  time	  step	   An	  integer	  count	  of	  the	  number	  

of	  time	  steps	  that	  have	  elapsed	  
some	  number	  of	  time	  steps	   An	  integer	  representing	  the	  
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total	  number	  of	  time	  steps	  
ALIVE	  neighbors	   An	  integer	  count	  of	  the	  number	  

of	  ALIVE	  neighbors	  
the	  next	  time	  step	   A	  2-‐dimensional	  array	  of	  cells	  

representing	  the	  grid	  in	  the	  
next	  time	  step	  
	  

Table	  1:	  	  Data	  structures	  

	  
Notice	  that	  we	  keep	  an	  integer	  count	  of	  the	  number	  of	  time	  steps.	  	  We	  could	  also	  

keep	  a	  separate	  grid	  for	  each	  time	  step,	  but	  in	  order	  to	  save	  memory	  we	  choose	  to	  only	  
keep	  the	  two	  grids	  that	  are	  most	  important:	  	  the	  current	  grid	  and	  the	  next	  grid	  (we	  need	  to	  
keep	  at	  least	  two	  grids	  because	  we	  do	  not	  want	  to	  overwrite	  the	  cells	  in	  one	  grid	  before	  we	  
have	  referenced	  them	  all	  to	  determine	  the	  cells	  of	  the	  new	  grid).	  

There	  are	  also	  data	  structures	  that	  control	  the	  parallelism.	  	  Any	  parallel	  algorithm	  is	  
likely	  to	  have	  data	  structures	  like	  the	  ones	  listed	  in	  Table	  2.	  

	  
Data	  structures	  that	  control	  parallelism	  

Written	  Representation	   Name	  
The	  rank5	  of	  a	  process	   OUR_RANK	  
The	  number	  of	  processes	   NUMBER_OF_PROCESSES	  
The	  thread	  number6	  of	  a	  
thread	  

MY_THREAD_NUMBER	  

The	  number	  of	  threads	   NUMBER_OF_THREADS	  
	  

Table	  2:	  	  Data	  structures	  that	  control	  parallelism	  

	  
The	  next	  question	  to	  ask	  is,	  “Where	  does	  data	  parallelism	  occur?”	  	  Recall	  that	  data	  

parallelism	  refers	  to	  splitting	  up	  data	  among	  all	  the	  execution	  flows.	  	  If	  we	  use	  hybrid	  
parallelism,	  there	  will	  be	  data	  split	  among	  processes	  that	  are	  further	  split	  among	  threads.	  	  	  

To	  start,	  we	  identify	  the	  data	  that	  will	  be	  split	  among	  the	  processes	  and	  upon	  which	  
the	  processes	  will	  perform	  a	  task	  in	  parallel.	  	  Of	  the	  data	  structures	  in	  Table	  1,	  only	  two	  
have	  data	  that	  can	  be	  parallelized:	  	  the	  2-‐dimensional	  array	  of	  cells	  representing	  the	  grid	  in	  
the	  current	  time	  step	  and	  the	  2-‐dimensional	  array	  of	  cells	  representing	  the	  grid	  in	  the	  next	  
time	  step.	  	  A	  grid	  is	  2-‐dimensional	  because	  it	  consists	  of	  rows	  and	  columns,	  so	  the	  grid	  can	  
be	  split	  into	  chunks	  of	  rows,	  chunks	  of	  columns,	  sub-‐grids,	  or	  various	  other	  configurations.	  	  
In	  this	  module,	  we	  choose	  to	  split	  the	  grid	  into	  chunks	  of	  rows.	  

We	  must	  now	  ask,	  “For	  how	  many	  rows	  is	  each	  process	  responsible?”	  	  There	  are	  
many	  ways	  to	  determine	  a	  process’s	  “workload”,	  or	  the	  amount	  of	  data	  for	  which	  it	  is	  
responsible.	  	  One	  common	  method	  is	  to	  have	  a	  single	  process	  assign	  data	  to	  the	  other	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
5	  “Rank”	  is	  the	  terminology	  used	  by	  MPI	  to	  indicate	  the	  ID	  number	  of	  a	  process.	  
6	  “Thread	  number”	  is	  the	  terminology	  used	  by	  OpenMP	  to	  indicate	  the	  ID	  of	  a	  thread.	  
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processes	  (so-‐called	  “master/worker”	  methods).	  	  In	  this	  module,	  we	  instead	  choose	  to	  have	  
each	  process	  determine	  its	  own	  workload.	  

The	  next	  question	  is,	  “For	  how	  many	  columns	  is	  each	  thread	  responsible?”	  	  This	  is	  
again	  a	  question	  of	  load	  balancing,	  but	  it	  turns	  out	  that	  OpenMP	  will	  take	  care	  of	  the	  load	  
balancing	  in	  this	  case.	  	  Recall	  that	  when	  OpenMP	  encounters	  a	  parallel	  section,	  it	  spawns	  
threads	  to	  perform	  that	  section	  in	  parallel.	  	  If	  the	  section	  is	  enclosed	  in	  a	  loop,	  it	  
dynamically	  assigns	  iterations	  of	  the	  loop	  to	  threads	  until	  all	  iterations	  of	  the	  loop	  have	  
been	  executed.	  	  In	  our	  algorithm,	  columns	  are	  dealt	  with	  by	  looping	  over	  them,	  so	  we	  can	  
leave	  the	  load	  balancing	  of	  threads	  to	  OpenMP.7	  

Now	  that	  we	  have	  determined	  how	  the	  data	  is	  parallelized,	  the	  next	  question	  to	  ask	  
is,	  “what	  parallel	  task	  is	  performed	  on	  the	  data”?	  	  Each	  process	  has	  some	  number	  of	  rows	  
(hereafter	  referred	  to	  as	  a	  sub-‐grid)	  for	  which	  it	  is	  responsible	  to	  find	  the	  state	  of	  the	  cells	  
in	  the	  next	  sub-‐grid.	  	  For	  each	  cell	  in	  the	  sub-‐grid,	  the	  state	  of	  the	  neighbor	  cells	  must	  be	  
determined,	  and	  from	  this	  information	  the	  state	  of	  the	  cell	  in	  the	  new	  sub-‐grid	  is	  set.	  

The	  next	  question	  is,	  “What	  additional	  values	  must	  be	  established	  in	  order	  to	  
perform	  this	  parallel	  task?”	  	  A	  good	  method	  for	  identifying	  these	  is	  to	  draw	  and	  label	  a	  
picture	  of	  the	  task.	  	  An	  example	  of	  such	  a	  picture	  is	  in	  Figure	  9.	  	  Since	  we	  are	  taking	  a	  
thread-‐centric	  view	  of	  our	  algorithm,	  we	  pretend	  that	  the	  thread	  is	  labeling	  the	  diagram.	  	  
Things	  labeled	  “I,	  me,	  and	  my”	  refer	  to	  the	  threads.	  	  Things	  labeled	  “we,	  us,	  and	  our”	  refer	  
to	  the	  processes,	  since	  processes	  are	  collections	  of	  threads.	  

	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
7	  This	  assumes	  that	  OpenMP	  schedules	  iterations	  of	  the	  loop	  to	  threads	  dynamically.	  	  In	  
some	  paradigms,	  the	  loop	  iterations	  are	  scheduled	  to	  threads	  statically;	  in	  which	  case	  it	  is	  
known	  ahead	  of	  time	  which	  threads	  will	  execute	  which	  iterations.	  	  Static	  scheduling	  is	  
simpler,	  as	  it	  requires	  only	  one	  schedule	  at	  the	  beginning	  of	  the	  loops,	  whereas	  dynamic	  
scheduling	  requires	  constant	  checking	  to	  see	  if	  threads	  are	  available	  to	  do	  work.	  	  On	  the	  
other	  hand,	  dynamic	  scheduling	  can	  produce	  better	  performance	  if	  the	  loop	  iterations	  do	  
not	  divide	  evenly	  among	  the	  threads.	  
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Figure	  9:	  	  A	  picture	  of	  the	  parallel	  task	  at	  hand	  	  

	  
From	  Figure	  9,	  we	  can	  see	  that	  the	  process	  is	  employing	  the	  use	  of	  ghost	  rows.	  	  How	  

is	  it	  able	  to	  access	  these	  rows?	  	  It	  must	  receive	  them	  from	  the	  other	  processes.	  
Recall	  that	  processes	  communicate	  data	  to	  each	  other	  by	  passing	  messages.	  	  We	  

have	  established	  from	  Figure	  9	  that	  the	  processes	  must	  pass	  ghost	  rows	  to	  other	  processes	  
that	  need	  to	  access	  them.	  	  To	  better	  understand	  this,	  it	  is	  again	  helpful	  to	  draw	  a	  picture.	  	  
Figure	  10	  shows	  an	  example	  of	  such	  a	  picture.	  
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Figure	  10:	  	  Message	  passing	  	  



Parallelization:	  	  Conway’s	  Game	  of	  Life	  
Module	  Document	  

Page	  14	  

	  
It	  should	  be	  noted	  that	  each	  process	  now	  has	  two	  ghost	  rows	  in	  addition	  to	  the	  rows	  

it	  was	  assigned.	  	  We	  can	  work	  this	  into	  our	  data	  structures	  by	  making	  the	  first	  row	  the	  top	  
ghost	  row	  and	  the	  last	  row	  the	  bottom	  ghost	  row.	  	  

The	  order	  of	  sends	  and	  receives	  is	  relevant.	  	  The	  MPI	  calls	  we	  use	  in	  this	  module	  
send	  messages	  using	  “non-‐blocking”	  methods	  but	  receive	  them	  using	  “blocking”	  methods.	  	  
The	  distinction	  between	  these	  is	  that	  blocking	  methods	  stop	  the	  execution	  of	  the	  program	  
until	  an	  event	  occurs,	  whereas	  non-‐blocking	  methods	  allow	  the	  program	  to	  continue	  
regardless.	  	  This	  means	  that	  messages	  must	  be	  ready	  to	  be	  received	  if	  the	  program	  is	  to	  
continue,	  which	  only	  works	  if	  the	  messages	  are	  sent	  first.	  	  MPI	  also	  offers	  methods	  for	  
blocking	  sends	  and	  non-‐blocking	  receives,	  but	  these	  will	  be	  not	  discussed	  in	  this	  module.	  

Can	  the	  message	  passing	  be	  parallelized?	  	  Put	  another	  way,	  can	  multiple	  threads	  in	  a	  
process	  pass	  messages	  at	  once?	  	  The	  answer	  depends	  on	  whether	  thread	  support	  is	  
enabled	  for	  the	  MPI	  methods	  being	  used.	  	  Some	  MPI	  implementations	  do	  not	  support	  
threaded	  message	  passing,	  and	  some	  implementations	  are	  compiled	  with	  it	  disabled.	  	  This	  
module	  assumes	  that	  threaded	  message	  passing	  is	  disabled,	  as	  is	  often	  the	  case8.	  

We	  can	  now	  return	  to	  Figure	  9.	  	  Recall	  that	  we	  are	  trying	  to	  identify	  the	  new	  values	  
that	  are	  needed	  to	  execute	  the	  parallel	  task.	  	  We	  can	  see	  from	  Figure	  9	  that	  certain	  
questions	  are	  being	  asked;	  these	  can	  be	  answered	  by	  creating	  new	  values.	  	  Table	  3	  shows	  
an	  example	  of	  this.	  

	  
	  
	  

Values	  for	  the	  parallel	  task	  	  
Written	  Representation	   Name	  
Our	  Current	  Grid	   our_current_grid[	  ][	  ]	  
Our	  Next	  Grid	   our_next_grid[	  ][	  ]	  
On	  which	  row	  are	  we	  
working?	  

our_current_row	  

At	  which	  neighbor	  row	  am	  
I	  looking?	  

my_neighbor_row	  

On	  which	  column	  am	  I	  
working?	  

my_current_column	  

At	  which	  neighbor	  column	  
am	  I	  looking?	  

my_neighbor_column	  

For	  the	  cell	  on	  which	  I	  am	  
working,	  how	  many	  ALIVE	  
neighbors	  have	  I	  seen	  so	  
far?	  

my_number_of_alive_neighbors	  

	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
8	  If	  threaded	  message	  passing	  is	  available,	  the	  program	  should	  be	  initialized	  with	  
MPI_Init_thread	  and	  passed	  the	  MPI_THREAD_MULTIPLE	  argument.	  	  See	  the	  man	  page	  of	  
MPI_Init_thread	  for	  details.	  
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Table	  3:	  	  Written	  representation	  of	  values	  

	  
Below	  is	  the	  algorithm,	  written	  in	  pseudocode.	  

	  
All processes do the following: 

I. Initialize the distributed memory environment 
II. Parse command line arguments 
III. Make sure we have enough rows, columns, and time steps 
IV. Exit if we don’t 
V. Determine our number of rows 
VI. Allocate enough space in our current grid and next grid 

for the number of rows and the number of columns, plus 
the ghost rows and columns 

VII. Initialize the grid (each cell gets a random state) 
VIII. Determine the process with the next-lowest rank 
IX. Determine the process with the next-highest rank 
X. Run the simulation for the specified number of time steps 

/* Note:  For Fortran 90, do X.B. before X.A. (Fortran 90 
is column-major) */ 
A. Set up the ghost rows 

/* If distributed memory is defined */ 
1. Send our second-from-the-top row to the process 

with the next-lowest rank 
2. Send our second-from-the-bottom row to the 

process with the next-highest rank 
3. Receive our bottom row from the process with the 

next-highest rank 
4. Receive our top row from the process with the 

next-lowest rank 
/* Otherwise (if distributed memory is not defined) 
*/ 
1. Set our top row to be the same as our second-to-

last row 
2. Set our bottom row to be the same as our second-

to-top row 
B. Set up the ghost columns 

1. The left ghost column is the same as the 
farthest-right, non-ghost column 

2. The right ghost column is the same as the 
farthest-left, non-ghost column 

C. Display the current grid 
D. Determine our next grid – for each row, do the 

following: 
1. For each column, spawn threads to do the 

following: 
a. Initialize the count of ALIVE neighbors to 0 
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b. For each row of the cell’s neighbors, do the 
following: 

i. For each column of the cell’s 
neighbors, do the following: 
I. If the neighbor is not the cell 

itself, and the neighbor is ALIVE, 
do the following: 

A. Add 1 to the count of the 
number of ALIVE neighbors 

c. Apply Rule 1 of Conway’s Game of Life 
d. Apply Rule 2 of Conway’s Game of Life 
e. Apply Rule 3 of Conway’s Game of Life 
f. Apply Rule 4 of Conway’s Game of Life 

E. Spawn threads to copy the next grid into the current 
grid 

XI. Deallocate data structures 
XII. Finalize the distributed memory environment 

	  
Figure	  11:	  	  The	  algorithm	  

	  
	  
Notes	  about	  the	  algorithm	  

Step	  V:	  	  In	  order	  for	  a	  process	  to	  determine	  its	  workload,	  it	  needs	  to	  know	  1)	  how	  
many	  total	  processes	  will	  be	  working	  and	  2)	  how	  much	  work	  needs	  to	  be	  done.	  	  In	  this	  
example,	  the	  number	  of	  processes	  is	  determined	  by	  MPI	  at	  run-‐time,	  and	  the	  amount	  of	  
work	  to	  be	  done	  is	  equal	  to	  the	  number	  of	  rows	  in	  the	  grid.	  	  There	  are	  numerous	  ways	  to	  
spread	  out	  the	  work,	  but	  in	  this	  module	  we	  choose	  to	  assign	  an	  even	  chunk	  of	  work	  to	  each	  
process.	  	  Thus,	  each	  process	  will	  be	  responsible	  for	  the	  number	  of	  rows	  obtained	  by	  
dividing	  the	  total	  number	  of	  rows	  by	  the	  number	  of	  processes.	  	  If	  the	  number	  of	  processes	  
does	  not	  divide	  evenly	  into	  the	  number	  of	  rows,	  then	  there	  will	  be	  some	  remainder	  of	  rows	  
left	  over.	  	  This	  can	  be	  arbitrarily	  assigned	  to	  a	  process;	  we	  choose	  to	  assign	  it	  to	  the	  last	  
process.	  	  An	  example	  of	  this	  load	  balancing	  is	  Figure	  12,	  in	  which	  MPI	  Ranks	  0,	  1,	  and	  2	  are	  
each	  responsible	  for	  one	  row,	  and	  Rank	  3	  is	  responsible	  for	  three	  rows.	  
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Figure	  12:	  	  Load	  balancing	  among	  4	  processes	  

	  
Step	  VI:	  	  We	  are	  storing	  the	  grids	  as	  2-‐D	  arrays,	  so	  we	  allocate	  enough	  space	  for	  

NUMBER_OF_ROWS + 2	  (because	  we	  have	  2	  ghost	  rows)	  times	  NUMBER_OF_COLUMNS + 
2	  (because	  we	  have	  2	  ghost	  columns).	  	  In	  C,	  we	  allocate	  the	  overall	  arrays	  using	  double	  
pointers	  (int**)	  and	  then	  allocate	  each	  of	  the	  sub-‐arrays	  (rows)	  using	  single	  pointers	  
(int*).	  	  In	  Fortran,	  we	  do	  not	  need	  to	  worry	  about	  allocating	  the	  sub-‐arrays.	  

	  
	  

VIII.	  	  Code	  implementation	  
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Now	  that	  the	  pseudo-‐code	  has	  been	  developed,	  the	  code	  can	  be	  implemented.	  	  It	  

should	  first	  be	  noted	  that	  MPI	  processes	  each	  execute	  the	  entire	  code,	  but	  OpenMP	  threads	  
only	  execute	  the	  sections	  of	  code	  for	  which	  they	  are	  “spawned”,	  or	  created.	  	  This	  means	  
that	  sections	  of	  code	  will	  only	  be	  executed	  with	  shared	  memory	  parallelism	  if	  they	  are	  
contained	  within	  parallel	  OpenMP	  constructs,	  but	  all	  code	  will	  be	  executed	  with	  distributed	  
memory	  parallelism	  (except	  for	  sections	  of	  the	  code	  contained	  in	  conditionals	  that	  are	  only	  
executed	  by	  a	  process	  of	  a	  certain	  rank).	  	  

For	  programmers	  used	  to	  serial	  code,	  the	  most	  confusing	  sections	  of	  the	  code	  are	  
likely	  to	  be	  the	  MPI	  functions	  and	  OpenMP	  constructs.	  	  The	  MPI	  functions	  that	  are	  used	  in	  
the	  code	  are	  listed	  and	  given	  explanations	  in	  Table	  4.	  	  The	  relevant	  OpenMP	  construct	  and	  
is	  listed	  and	  given	  an	  explanation	  in	  Table	  5.	  

	  
MPI	  Function	   Explanation	  
MPI_Init()	   This	  initializes	  the	  MPI	  

environment.	  	  It	  must	  be	  
called	  before	  any	  other	  MPI	  
functions.	  

MPI_Comm_rank()	   This	  assigns	  the	  rank	  of	  the	  
process	  in	  the	  specified	  
communicator	  to	  the	  
specified	  variable.	  

MPI_Comm_size()	   This	  assigns	  the	  number	  of	  
processes	  in	  the	  specified	  
communicator	  to	  the	  
specified	  variable.	  

MPI_Send()	   This	  sends	  a	  message	  of	  a	  
certain	  length	  to	  a	  certain	  
process.	  

MPI_Recv()	   This	  receives	  a	  message	  of	  a	  
certain	  length	  from	  a	  certain	  
process.	  

MPI_Finalize()	   This	  cleans	  up	  the	  MPI	  
environment.	  	  No	  other	  MPI	  
functions	  may	  be	  called	  after	  
this	  one.	  

	  

Table	  4:	  	  MPI	  Functions	  used	  by	  the	  code	  
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OpenMP	  pragma	  (C)	   OpenMP	  directive	  
(Fortran	  90)	  

Explanation	  

#pragma	  omp	  parallel	  for	  
private(…)	  
for(…)	  
{	  
	  	  	  	  …	  
}  

!$	  OMP	  parallel	  do	  
DO	  …	  
…	  
END	  DO	  
!$OMP	  end	  parallel	  do	  
	  

This	  spawns	  a	  pre-‐
defined	  number	  of	  
threads	  and	  
parallelizes	  the	  for-‐
loop.	  	  Each	  thread	  has	  
a	  private	  copy	  of	  each	  
variable	  specified.	  

	  
Table	  5:	  	  OpenMP	  construct	  used	  by	  the	  code	  

	  
When	  using	  library	  functions	  such	  as	  malloc	  and	  ALLOC	  and	  the	  MPI	  functions,	  it	  

is	  a	  good	  idea	  to	  check	  the	  return	  codes	  of	  the	  functions	  to	  ensure	  that	  the	  functions	  
operated	  successfully.	  	  If	  an	  error	  occurs	  in	  these	  functions	  it	  is	  a	  good	  idea	  to	  print	  an	  
error	  message	  explaining	  what	  went	  wrong	  and	  then	  exit	  the	  program,	  returning	  an	  error	  
code.	  	  The	  code	  in	  this	  module	  uses	  a	  custom	  function	  called	  exit_if,	  which	  prints	  an	  
error	  message	  and	  exits	  the	  program	  if	  something	  is	  true,	  namely	  if	  a	  function	  returns	  a	  
value	  that	  does	  not	  match	  the	  expected	  value.	  	  In	  C,	  the	  error	  is	  returned	  by	  the	  function.	  	  In	  
Fortran	  90,	  it	  is	  set	  as	  the	  last	  argument	  of	  the	  function,	  ierror.	  

The	  parallel	  code	  should	  be	  implemented	  step-‐by-‐step	  and	  in	  small	  pieces,	  with	  the	  
simplest	  functions	  implemented	  first.	  	  Examples	  of	  code	  in	  C	  and	  Fortran	  90	  are	  attached	  to	  
this	  module	  in	  the	  life.zip	  package.	  

  
 
IX.	  	  Scaling	  the	  algorithm	  
	  
Now	  that	  we	  have	  developed	  a	  parallel	  algorithm,	  a	  natural	  next	  question	  is,	  “does	  

the	  algorithm	  scale?”	  	  Because	  of	  the	  limitations	  revealed	  by	  Amdahl’s	  Law,	  we	  can	  be	  
assured	  that	  the	  algorithm	  will	  not	  scale	  far	  if	  we	  merely	  increase	  the	  number	  of	  cores	  
devoted	  to	  the	  problem	  (strong	  scaling);	  the	  code	  will	  initially	  run	  faster	  but	  will	  see	  
diminished	  returns	  as	  communication	  overhead	  overwhelms	  the	  total	  amount	  of	  time	  
spent	  running	  the	  code.	  	  However,	  Gustafson’s	  Law	  promises	  that	  if	  we	  increase	  the	  
problem	  size	  as	  we	  increase	  the	  core	  count	  (weak	  scaling),	  we	  will	  be	  able	  to	  model	  a	  
bigger	  problem	  in	  the	  same	  amount	  of	  time.	  	  The	  goal	  of	  this	  section	  is	  to	  show	  that	  strong	  
scaling	  of	  our	  parallel	  code	  fails	  as	  predicted	  by	  Amdahl’s	  Law	  and	  to	  show	  that	  weak	  
scaling	  of	  our	  parallel	  code	  succeeds	  as	  predicted	  by	  Gustafson’s	  Law.	  

Exercise	  3	  (an	  attachment	  to	  this	  module)	  describes	  how	  to	  scale	  the	  code	  on	  a	  
cluster.	  	  The	  results	  of	  this	  exercise	  are	  likely	  to	  look	  something	  like	  the	  following.	  	  We	  have	  
also	  included	  graphs	  of	  the	  data	  for	  the	  MPI	  and	  hybrid	  runs	  to	  show	  the	  trends	  that	  occur	  
when	  more	  cores	  are	  added.	  
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Walltimes	  for	  Strong	  Scaling,	  1000	  rows,	  1000	  columns,	  and	  100	  Time	  Steps	  
	  

#	  of	  
nodes	  
used	  

Total	  
#	  of	  
cores	  

Serial	   OpenMP	   MPI	   Hybrid	  

1	   4	   17.941	   12.63	   8.088	   7.525	  
2	   8	   	   	   4.194	   5.437	  
3	   12	   	   	   3.365	   4.6	  
4	   16	   	   	   3.524	   4.221	  
5	   20	   	   	   3.391	   3.232	  
6	   24	   	   	   4.56	   4.173	  
7	   28	   	   	   4.683	   4.191	  
8	   32	   	   	   4.713	   4.261	  
9	   36	   	   	   4.654	   4.371	  
10	   40	   	   	   4.25	   4.783	  
11	   44	   	   	   4.188	   5.515	  
12	   48	   	   	   5.159	   5.192	  

	  
	  

There	  are	  a	  few	  things	  to	  notice	  about	  this	  data.	  	  First	  of	  all,	  the	  speedup	  is	  dramatic	  
when	  moving	  from	  shared	  memory	  to	  distributed	  memory,	  cutting	  the	  running	  time	  almost	  
in	  half.	  	  Note	  also	  that	  the	  difference	  in	  runtimes	  between	  hybrid	  and	  MPI	  is	  not	  large,	  and	  
that	  in	  some	  cases	  the	  hybrid	  program	  took	  longer	  than	  the	  pure	  MPI	  program	  to	  run.	  

A	  graph	  of	  the	  data	  is	  shown	  below.	  
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Note	  that	  both	  curves	  have	  a	  sharp	  decrease	  followed	  by	  a	  level,	  in	  the	  case	  of	  

Hybrid,	  and	  an	  increase,	  in	  the	  case	  of	  MPI.	  	  The	  dramatic	  decrease	  is	  indicative	  of	  Amdahl’s	  
Law.	  	  As	  we	  add	  more	  cores,	  we	  see	  less	  and	  less	  speedup,	  and	  in	  fact	  it	  eventually	  takes	  
more	  time	  to	  run	  with	  more	  cores	  than	  with	  fewer	  cores.	  	  Speedup	  is	  only	  noticeable	  up	  to	  
about	  16	  cores.	  

Below	  are	  example	  data	  and	  a	  graph	  for	  the	  weak	  scaling	  part	  of	  Exercise	  3.	  
	  

	  
Walltimes	  for	  Weak	  Scaling,	  100	  rows	  per	  Core,	  1000	  columns,	  and	  100	  Time	  Steps	  
#	  of	   Total	   Total	  #	  of	   Serial	   OpenMP	   MPI	   Hybrid	  
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nodes	  
used	  

#	  of	  
cores	  

rows	  

1	   4	   400	   7.187	   5.282	   3.387	   3.887	  
2	   8	   800	   	   	   3.616	   3.808	  
3	   12	   1,200	   	   	   3.759	   5.27	  
4	   16	   1,600	   	   	   4.933	   7.032	  
5	   20	   2,000	   	   	   5.597	   6.963	  
6	   24	   2,400	   	   	   6.487	   8.55	  
7	   28	   2,800	   	   	   8.486	   10.515	  
8	   32	   3,200	   	   	   9.146	   9.369	  
9	   36	   3,600	   	   	   10.071	   10.817	  
10	   40	   4,000	   	   	   11.383	   11.691	  
11	   44	   4,400	   	   	   12.529	   14.396	  
12	   48	   4,800	   	   	   13.822	   14.811	  

	  
Keep	  in	  mind	  that	  with	  weak	  scaling	  we	  are	  increasing	  the	  problem	  size	  as	  we	  

increase	  the	  number	  of	  cores.	  	  Because	  of	  communication	  overhead	  between	  the	  processes,	  
the	  walltime	  will	  gradually	  increase	  as	  we	  add	  more	  cores.	  	  This	  is	  visible	  in	  the	  upward	  
trend	  of	  the	  graph	  below.	  	  
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We	  can	  simulate	  Game	  of	  Life	  for	  grids	  ranging	  from	  400	  rows	  to	  4,800	  rows	  using	  

4-‐48	  cores	  in	  under	  14	  seconds	  for	  MPI	  and	  in	  under	  16	  seconds	  for	  Hybrid.	  	  Notice	  that	  at	  
no	  point	  does	  the	  Hybrid	  program	  run	  faster	  than	  the	  pure	  MPI	  program.	  	  This	  would	  lead	  
us	  to	  believe	  that	  there	  is	  no	  advantage	  to	  using	  the	  hybrid	  program	  over	  the	  MPI	  program.	  

Now	  that	  we	  have	  seen	  how	  the	  algorithm	  scales,	  we	  can	  extrapolate	  what	  we	  have	  
learned	  to	  a	  generalization	  of	  a	  larger	  classification	  of	  problems.	  

	  
	  
X.	  	  Generalization	  of	  the	  algorithm	  using	  the	  Berkeley	  Dwarfs	  
	  
The	  Berkeley	  “dwarfs”9	  [14]	  are	  equivalence	  classes	  of	  important	  applications	  of	  

scientific	  computing.	  	  Applications	  are	  grouped	  into	  dwarfs	  based	  on	  their	  computation	  and	  
communication	  patterns.	  	  When	  an	  application	  is	  run	  in	  parallel,	  a	  certain	  percentage	  of	  
time	  is	  spent	  performing	  calculations,	  while	  another	  percentage	  is	  spent	  communicating	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
9	  The	  Berkeley	  group	  originally	  started	  with	  seven	  equivalence	  classes;	  the	  name	  “dwarf”	  
was	  chosen	  as	  an	  allusion	  to	  the	  seven	  dwarves	  in	  the	  Snow	  White	  fairy	  tale.	  
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the	  results	  of	  those	  calculations.	  	  The	  dwarf	  captures	  the	  general	  trends	  of	  these	  
percentages.	  

The	  application	  of	  simulating	  a	  cellular	  automaton	  falls	  into	  the	  Structured	  Grid	  
dwarf.	  	  Applications	  in	  this	  class	  are	  characterized	  by	  a	  grid	  of	  points,	  each	  of	  which	  are	  
updated	  in	  close	  conjunction	  to	  the	  points	  around	  them.	  	  In	  the	  case	  of	  Conway’s	  Game	  of	  
Life,	  the	  points	  are	  the	  cells	  of	  the	  grid,	  and	  they	  update	  in	  relation	  to	  the	  cells	  in	  their	  
neighborhoods.	  	  In	  a	  Structured	  Grid	  application,	  communication	  occurs	  between	  each	  
update	  of	  the	  grid,	  and	  each	  execution	  flow	  must	  communicate	  with	  the	  execution	  flows	  
responsible	  for	  cells	  in	  the	  neighborhood	  of	  their	  cells.	  	  	  Computation	  occurs	  during	  each	  
update	  of	  the	  points.	  

Because	  the	  applications	  in	  the	  Structured	  Grid	  dwarf	  have	  roughly	  the	  same	  
computation	  and	  communication	  patterns,	  it	  is	  likely	  that	  the	  results	  of	  our	  scaling	  exercise	  
could	  be	  generalized	  to	  all	  applications	  in	  the	  dwarf.	  	  In	  other	  words,	  if	  another	  Structured	  
Grid	  application	  were	  to	  be	  scaled	  as	  we	  did	  in	  this	  module,	  the	  results	  would	  likely	  be	  
similar.	  	  A	  meaningful	  extension	  to	  this	  module	  would	  be	  to	  consider	  the	  scaling	  of	  other	  
applications	  in	  the	  Structured	  Grid	  dwarf,	  comparing	  the	  results	  to	  those	  found	  in	  this	  
module.	  

	  
Quick	  Review	  Questions:	  

11. What	  is	  a	  Berkeley	  “dwarf”?	  
12. Draw	  a	  picture	  of	  a	  Structured	  Grid.	  

	  
	  
	  

XI.	  	  Post-assessment	  Rubric	  
	  
This	  rubric	  is	  to	  gauge	  students’	  knowledge	  and	  experience	  after	  using	  the	  materials	  

and	  completing	  the	  exercises	  presented	  in	  this	  module.	  	  Students	  can	  be	  asked	  to	  rate	  their	  
knowledge	  and	  experience	  on	  the	  following	  scale	  and	  in	  the	  following	  subject	  areas:	  

	  
Scale	  
1	  –	  no	  knowledge,	  no	  experience	  
2	  –	  very	  little	  knowledge,	  very	  little	  experience	  
3	  –	  some	  knowledge,	  some	  experience	  
4	  –	  a	  good	  amount	  of	  knowledge,	  a	  good	  amount	  of	  experience	  
5	  –	  high	  level	  of	  knowledge,	  high	  level	  of	  experience	  
	  
Subject	  areas	  
Cellular	  Automata	  
Parallel	  Algorithm	  Design	  
Parallel	  Hardware	  
MPI	  Programming	  
OpenMP	  Programming	  
Using	  a	  Cluster	  
Scaling	  Parallel	  Code	  
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In	  addition,	  students	  are	  asked	  the	  following	  questions:	  
	  
1. What	  did	  you	  find	  to	  be	  the	  most	  useful	  aspect	  of	  this	  module?	  
2. What	  did	  you	  find	  to	  be	  the	  least	  useful	  aspect?	  
3. What	  did	  you	  learn	  about	  that	  you	  would	  be	  excited	  to	  learn	  more	  about?	  
4. What	  did	  you	  find	  particularly	  unuseful	  or	  irrelevant?	  
	  
	  
	  
XII.	  	  Student	  project	  ideas	  

	  
1)	  	  Describe	  another	  Structured	  Grid	  application	  –	  one	  in	  which	  a	  grid	  of	  points	  is	  updated	  
–	  and	  design	  a	  parallel	  algorithm	  for	  it.	  

	  
2)	  	  Research	  two	  other	  Berkeley	  “dwarfs”	  and	  describe	  their	  communication	  and	  
computation	  patterns	  in	  detail.	  
	  
3)	  	  Gather	  walltime	  data	  for	  the	  serial	  and	  OpenMP	  versions	  of	  the	  code	  for	  each	  of	  the	  
problem	  sizes	  in	  the	  weak	  scaling	  exercise.	  	  Graph	  the	  data	  for	  serial,	  OpenMP,	  MPI,	  and	  
Hybrid.	  	  Perform	  a	  regression	  analysis	  on	  each	  set	  of	  data	  to	  determine	  the	  slope	  of	  each	  
trend	  line.	  	  How	  does	  this	  value	  differ	  for	  each	  line?	  	  What	  does	  this	  tell	  you	  about	  the	  
scaling	  of	  each	  version	  of	  the	  code?	  
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